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Let D be the ring of algebraic integers in a number field and A a finite D-algebra. 
It is shown that if M and N are finitely generated A-modules, then M and N are 
locally isomorphic if and only if M and N become isomorphic over some integral 
extension of D. 
1. INTR~DUC~~N 
Let D be an integral domain. A D-algebra is an overring n of D (with the 
same 1) with D central in /1. If/i is also finitely generated as D-module, /i is 
said to be finite. Let Spec(D) be the set of prime ideals of D. Let D, denote 
the localization of D at P E Spec(D). If M and N are. ,4-modules, write 
M - N if for all P E Spec(D), 
as /1, =/i &, D, modules. In general, M- N does not imply M z N. 
Examples can be given with D = Z and .4 = ZG, G a finite group or A an 
integral extension of Z. 
In this paper, it is shown that M - N implies MEN for D = b, the ring 
of algebraic integers in the algebraic closure of Q, if /1 is a finite @-algebra 
and M, N are finitely presented as O-modules. In fact, a slightly more 
general result is: 
THEOREM 1. Let K be a number field (i.e., a finite extension of Q), D = 
F n K = &, and A a finite D-algebra. Suppose M and N are finitely 
generated A-modules. The following are equivalent: 
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(i) M - N. 
(ii) There exists a finite extension L of K such that tf E = c”L, then 
M OD E z N a0 E (as A @j. E-modules). 
(iii) There exists a positive integer t such that M(l), the direct sum oft 
copies of M, is isomorphic to No’ (as A-modules). 
An argument of Reiner and Zassenhaus [8] is used to prove that (iii) 
implies (i). It can also be proved via completions of local rings. A 
generalization of their result is given in Section 2. The other implications are 
proved in Section 3 using a theorem of Dade [2] on forms over P. Some 
applications are given including a result of Taussky ]9] which inspired this 
approach. Jacobinsky [5, Satz 71 obtained Theorem 1 in an entirely different 
manner for /1 a D-order in a separable K-algebra and M and N torsion-free 
as D-modules. 
Let notation be as in Theorem 1. Say M 1 N if M is isomorphic to a 
summand of N (as /1-modules). A variation of the argument for Theorem 1 
(noticed by Dade) yields: 
THEOREM 2. The following are equivalent: 
(i) Mp 1 Np for all P E Spec(D). 
(ii) There exists a ftnite extension L of K such that if E = f?;, then 
Mat, E ) N @n E (as A @n E-modules). 
(iii) There exists a positive integer t such that M”’ 1 NC’). 
2. LOCAL RESULTS 
Throughout this section, D is a local principal ideal domain with maximal 
ideal P, A is a finite D-algebra, and M and N are finitely generated A- 
modules. The first result is a straightforward exercise. 
LEMMA 2.1. Let K and L befinitely generated D-modules. Let T(K) and 
T(L) denote the torsion submodules. Suppose PgT(K) = PgT(L) = 0. If u E 
Hom,(K/PgtiK, L/PgtjL), then there exists a q E Hom,(K, L) such that p 
and o agree module P’. 
THEOREM 2.2. There exists a positive integer e = e(M, N) such that f 
u E Hom,(M/Pe+jM, N/PetjN), then there exists rp E Hom,(M, N) so that 
cp z u (mod Pj). 
Proof. Say A = D[u,,.... u,] as a D-algebra. Set H= Hom,(M, N). If 
o E H, define S,o E H by ,Siu(m) = uuim - u,um. Define S from H to Ho’) 
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by s(a) = (S, c,..., s,a). Note that CJ E Hom,(M, N) if and only S(u) = 0. 
Let Z= S(H). By the Artin-Rees lemma (cf. [ 1, p. 197]), there exists a 
positive integer f so that 
znpj+fHOO =pjz for all j > 0. (2.1) 
Choose g such that PgT(M) = PgT(N) = 0, and set e =f+ 2g. 
Now if cp E Hom,(M/Pe+jM, N/PefiN), by Lemma 2.1, there exists 
CJ E Hom,(M,N) such that a, = u (mod Pe+j-g). Since cp is a A- 
homomorphism and e > 2g, s(a) E Petj-gH(“) c PitfH(“). Hence by (2.1), 
S(o)= s(t) for some zEP”H. Thus, S(u- r)=O, and so u-r E 
Hom,(M, N). The result follows since q~ = u E u - r (mod P’). 
COROLLARY 2.3. Let e = e(M, N). Zf M/Pef ‘M z N/Pe’ ‘N, then 
M g N. 
Proof. Note that P’T(M) = PeT(N) = 0. Let rp be an isomorphism of 
M/Pe+lM and N/F+ ‘N. By Theorem 2.2, there exists u E Hom,(M, N) with 
u = a, (mod P). Since u@(M)) c T(N), this condition implies that u induces 
an isomorphism of T(M) with r(N). Also u yields an isomorphism of M/PM 
with N/PM. This implies u itself is an isomorphism. 
Higman [4] and Maranda [6] proved the above result when /1 is a D- 
order in a separable algebra or n = DG, G a finite group and the modules 
are D torsion-free. 
COROLLARY 2.4. Zf MC’) g N(I), then M g N. 
Proof: Since A/P ‘+r/l is an Artinian ring, the Krull-Schmidt theorem 
holds. Hence (M/Pet ‘M)“’ r (N/Pet IN)“’ implies M/Pe+‘M g N/Pe+ ‘N. 
Thus, ME N by Corollary 2.3. 
The Reiner-Zassenhaus result [S] is: 
COROLLARY 2.5. Zf K is the quotient field of D, L is ajkite extension of 
K, and E is a valuation ring in L lying over D, then M’ = M o. E z 
NC&, E = N’ implies M r N. 
ProoJ Since E is a torsion-free D-module, E is flat. Hence E/P’+‘, is a 
flat finitely generated module over D/Pe”D, Hence E/F”E is a free 
D/Pet ‘D-module of rank t. Thus, M’/Pe+‘M’ g (M/Pe+‘M)(‘) and 
N’/Pe + ‘N’ z (N/Pet ‘N)“’ as A/Pet’ /i-modules. As in the previous proof, 
this implies Mr N. 
641/14/3-3 
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COROLLARY 2.6. Let f > max(e(M, N), e(N, M)}. 
(i) If (M/P’M) 1 (N/P%), then M 1 N. 
(ii) If M”’ ] N(‘). then M 1 N. 
(iii) If E, M’ and N’ are as in Corollary 2.5 and M’ / N’, then M 1 N. 
Proof: If (M/PM) / (NIp’N), then there exist u E Hom,(M/P’M, N/PN) 
and v, E Hom,(N/P’N, M/PM) such that q,o E Aut,(M/P’M). By 
Theorem 2.2, there exist u’ E Hom,(M, N) and rp’ E Hom,(N, M) with 
u = u’ (mod P) and v) = rp’ (mod P). Thus q’u’ induces a A-automorphism of 
M/PM, and hence ~‘a’ E Aut,(M). Thus, N= u’(M) @ Ker (4’ and (i) holds. 
(ii) and (iii) follow by the arguments in Corollaries 2.4 and 2.5. 
The results in this section are not true in general if the local condition is 
dropped. Reiner ]7] has obtained some positive results for group rings. 
However, we can weaken the assumption that D is a principal ideal domain 
if only free D-modules are considered. In particular, we have: 
THEOREM 2.7. Suppose D is a local Noetherian ring and A is a finite D- 
algebra. If M, N are finitely generated A-modules which are free D-modules, 
then Theorem 2.2 and Corollaries 2.3, 2.4, and 2.6(i,ii) hold. 
The proofs go through unchanged. The condition that M and N are free 
removes the need for Lemma 2.1. Corollaries 2.5 and 2.6(iii) still hold if D is 
also a domain, and E is a flat D-module. 
3. THE RESULT AND APPLICATIONS 
We now prove Theorem 1. Assume (ii) holds. Set M’ = M 0, E and N’ = 
N a,, E. As a D-module, E 2 F @ Z, where F is free and I is an invertible 
ideal of D. Thus, E @o J&z D”’ for J= F 0 I-‘. Since M’ z N’ as A- 
modules, 
as /i =/i a0 D-modules. Thus, (ii) implies (iii). If (iii) holds, then 
M(‘) -No’, and so M-N by Corollary 2.4. 
Now assume (i) holds. As a D-module, M = T(M) @ W, where T(M) is 
the torsion submodule and W is torsion-free. As above WG F @ I, where F 
is free and Z is an invertible ideal of D. Since every ideal of D becomes prin- 
cipal in b, we can pass to a finite extension D’ so that W OD D’ is a free 
D’-module. Thus, we can assume that M/T(M) E N/T(N) 2 W is a free D- 
module. Clearly (i) implies T(M) z 7’(N). Hence we can take M = N = V as 
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D-modules. Write V = T, @ . . . @ Tl @ W (as a D-module), where PfT, = 0 
for some distinct Pi E Spec(D). Note 
VP = w, if P#P, 
= Ti@ W, if P=Pi. 
Let S be defined as in Theorem 2.2. Since MN N, for each P E Spec(D), 
there exists oP E Hom,(V, V) such that 
s(a,> = 0, 
o,(TJ = Ti if P= Pi, (3-l) 
and 
det ap @ P, 
where T E Hom,( W, W) is induced from op. By multiplying oP by II, @ P, 
we can also assume that 
up( Ti) = 0 if P#Pi. (3.2) 
Thus, there is a finite set of primes (Q, ,..., Q,} I> (P, ,..., P,} and 
corresponding maps oj with 
(det c, ,..., det 6,,,) = 1. (3.3) 
Consider the form f(xl ,..., x,,,) = x, . . . x, det(xr8, + . . . +x,6,). By (3.3). 
the coeffkients offare relatively prime, and so by Dade’s theorem [2], there 
exist 1 1 ,..., 1, E P with f(n ,,..., 1,) = 1. Set L = K[,I, ,..., I,] and E = pL. 
Consider (5=&u, + -** +k,a,EHom,(V@,E, VOoE). By (3.1) 
S(a) = 0. Since each li is a unit in E, a(T, &E) = Ti aD E by (3.2). Also 
det 6 is a unit, and thus u E Aut,(V f& E). Hence u induces an isomorphism 
of MO, E and N&, E as /i &, E-modules. This concludes the proof. 
An immediate consequence of the proof is the following matrix version of 
the theorem. 
COROLLARY 3.1. Let K be a number field and D = FK. If Ai and Bi, 
1 < i < m, are n x II matrices over D, the following are equivalent: 
(i) The ideal generated by {det U 1 U E M,(D), UA, = B, U) is D. 
(ii) There exists U E Gl,(F”) with UA, = B,U. 
Dade (unpublished) noticed the next result. 
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COROLLARY 3.2. Let K be a number field and A a finite-dimensional 
commutative algebra over K. Let A be an & = D-order in A. If I is a 
invertible ideal of R, then I oD E = a(A & E) g A 0, E, where E = pIA, L a 
finite extension of K. 
ProoJ Since Z is invertible so is Z, for each maximal ideal P. Since R, is 
a semilocal ring, IP E A, (cf. [ 1, p. 1131). Hence by Theorem 1, there exists a 
finite extension L of K with I a0 E z A &, E, where E = FpL. Hence Z m. E 
is a principal ideal in A o. E. 
Taussky [9 1 proved the next result in the special case D = 2 and f(x) 
irreducible. 
COROLLARY 3.3. Let D = pK, K a numberfield. Suppose f(x) E D[x] is 
a manic separable polynomial of degree m. Let D[B] = D[x]/(f(x)). If D(B] 
is the maximal D-order of K[tV] = K[x]/(f (x)), then any two m x m matrices 
over D with characteristic polynomial f(x) are similar over some finite 
extension E = FL. 
Proof. Suppose A, B E M,(D) with f(A) =f(B) = 0. Consider D” as a 
D[B]-module by 9v = Av or Bv = Bv. These modules are isomorphic to ideals 
in D [0] and are faithful. Since D [e] is the maximal order in K(B], D [19] is a 
direct sum of Dedekind domains. Hence these ideals are invertible, and so 
are locally isomorphic. Thus, A and B are locally similar. The result follows 
from Corollary 3.1. 
Jacobinski [ 51 has obtained Theorem 1 for R a D-order in a semisimple 
K-algebra and M, N D-torsion free modules. In particular, this yields 
versions of Corollaries 3.1, 3.2, and 3.3. 
The proof of Theorem 2 is similar to that of Theorem 1. The argument 
that (ii) implies (iii) is unchanged. Corollary 2.6(ii) yields (iii) implies (i). 
Now assume (i) holds. By passing to a finite extension, we can assume 
that M/T(M) and N/T(N) are free D-modules. Write Z’(M) = T, @ ..a 0 T, 
and T(N) = U, 0 ..a 0 U,, where PfT, = PfU, = 0 for distinct Pi E Spec(D). 
Since iVP 1 N,, for all P E Spec(D), there exist up E Hom,(M, N), q,, E 
Hom,(N, M) such that 
and 
~pup(T,) = Ti if P= Pi, 
(O,op(Ti) = 0 if P# Pi, 
det(iQJ 66 p, 
(3.4) 
where c4pap E Horn&M/T(M), M/T(M)) is induced from qppoP. Thus, there is 
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a finite set of primes {Q, ,..., Q, ) 1 {P, ,..., P,} and corresponding maps uj, (p, 
with 
Consider the form 
(det(@&.., det((p,)) = 1. (3.5) 
“f-(x 1 Y.., x, 3 Yl ?***Y Y,) 
= 
(Xl ** * ?JYl - -. y,) det(x, @I + . e. + x, @-,)( y, al f . . . + Y, CT,). 
By Dade [2], there exist Cli,pi, 1 <i< m with f(a,,...,a,,p,,...,pm)= 1. 
This implies that if u =/?,ui + .a. +Pmom and v, =alql + ... + amq,, then 
cp’~ is a n aD E automorphism of MO, E, where E = pL, L = K[a, , PI ,..., 
a,,&]. Hence MO, E I NO, E. 
4. STABLE RANGE OFF 
Dade 121 proved the theorem on forms by showing if f(x) = Q, + 
a,x+ -** + a,x” E P[x] with (a,,..., a,,) = 1, then there exists a E P with 
f(a) a unit in P. Dade used only the fact that if K is a number field and 
D = OK, then D is Dedekind, 4 is Bezout and D/P is a finite field for any 
maximal ideal P. In particular, this holds for D any Dedekind ring in a 
number field and for D = k[x], k a finite field. Thus, the previous results 
hold in these cases also. 
A special case of Dade’s theorem is that 1 is in the stable range of F; that 
is, if a, b E P with (a, b) = 1, then ax + b represents a unit in P. We now 
obtain this from a special case of Corollary 3.1. 
THEOREM 4.1 (Dade). 1 is in the stable range of F. 
Proof: Suppose (a, 6) = 1. Consider the matrices 
A= and B= 
Let S=(S, t). Then SA=BS if and only if u=O and s+at=bv. In 
particular, A and B are similar over F” if and only if there exist units s, v E P 
with s = --a&-’ + b for some t E b. However, it is clear that since 
(a, 6) = 1, this condition is satisfied locally. Hence by Corollary 3.1, A and 
B are similar. Thus, ax + b represents a unit. 
The matrices A and B satisfy the polynomial X2 - aX and hence are 
semisimple. Thus, this follows from the result of Jacobinski [ 51 mentioned 
before. Although 1 is in the stable range of 4, 1 is not in the stable range of 
PK for K a number field (see [3, Corollary 7.71). 
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